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In this paper we show that a 3-dimensional non-Sasakian contact metric manifold
[M, (η, ξ,φ, g)] is a (κ,μ,ν)-contact metric manifold with ν = const., if and only if
there exists a Riemannian g-natural metric G˜ on T1M for which ξ : (M, g) → (T1M, G˜)
is a harmonic map. Furthermore, we give examples of 3-dimensional non-Sasakian
contact metric manifolds [M, (η, ξ,φ, g)] such that the corresponding Reeb vector ﬁelds
ξ : (M, g) → (T1M, G˜) are harmonic maps, for suitable Riemannian g-natural metrics G˜ on
T1M which are not of Kaluza–Klein type. Finally, we prove that if (M, g) is an Einstein
manifold and (η˜, ξ˜ , φ˜, G˜) a g-natural contact metric structure on T1M , then the contact
metric manifold [T1M, (η˜, ξ˜ , φ˜, G˜)] is H-contact if and only if (M, g) is 2-stein.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let (M, g) be a Riemannian manifold and (T1M, gS ) its unit tangent sphere bundle equipped with the Sasaki metric gS .
Any unit vector ﬁeld V determines a map between (M, g) and (T1M, gS). If M is compact and orientable, the energy of V
is the energy E(V ) of the corresponding map. V is said to be a harmonic vector ﬁeld if it is a critical point for the energy
functional restricted to the space X 1(M) of all unit vector ﬁelds on (M, g). The corresponding critical point condition has
been determined in [20]. More recently, Gil-Medrano [13] determined the tension ﬁeld associated to a unit vector ﬁeld
V : (M, g¯) → (T1M, gS), where g¯ is a new Riemannian metric on M , and investigated the conditions under of which V
deﬁnes a harmonic map. We refer to the recent monograph [12] for more information on results, examples and problems
related to the theory of harmonic vector ﬁelds.
On the other hand, in many cases a distinguished vector ﬁeld appears in a natural way, and it is worthwhile to see how
the criticality of such a vector ﬁeld is related to the geometry of the manifold. A well known example of such a vector ﬁeld
is the Reeb vector ﬁeld ξ of a contact metric manifold. In [18], Perrone studied the harmonicity of the vector ﬁeld ξ and
introduced the notion of the H-contact metric manifolds (contact metric manifolds whose characteristic vector ﬁeld is a
harmonic vector ﬁeld). More precisely, he proved that [M, (η, ξ,φ, g)] is an H-contact metric manifold if and only if ξ is an
eigenvector of the Ricci operator. In [15], the authors characterized the 3-dimensional H-contact metric manifolds in terms
of (κ,μ,ν)-contact metric manifolds, which are deﬁned by the following curvature condition:
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where κ,μ,ν are smooth functions. If κ,μ are non-constant smooth functions and ν = 0 on M , the manifold M is called
generalized (κ,μ)-contact metric manifold [16]. Moreover, it is shown that if dimM > 3, then (κ,μ,ν)-contact metric man-
ifolds are reduced to (κ,μ)-contact metric manifolds i.e. κ,μ are constants and ν is the zero function on M [8]. On the
contrary, in dimension three (κ,μ,ν)-contact metric manifolds really exist. In [17], Perrone showed that a contact metric
3-manifold M is a generalized (κ,μ)-contact metric manifold on an everywhere dense open subset of M if and only if its
characteristic vector ﬁeld ξ determines a harmonic map.
The Sasaki metric gS represents only one possible choice of a wide family of Riemannian metrics on TM , known as
Riemannian g-natural metrics, which depend on several independent smooth functions from R+ to R. These metrics arise
from a “natural” construction starting from a Riemannian metric g over M (see [14]). Riemannian g-natural metrics on TM
have been completely described in [1]. These metrics depend on six smooth functions from R+ to R and special choices
of which give all the well known examples of Riemannian metrics on TM as the Sasaki metric gS , the Cheeger–Gromoll
metrics, metrics of Cheeger–Gromoll type and the Kaluza–Klein metrics [9].
Recently, in the papers ([4,6]), the authors examined the conditions under of which a vector ﬁeld V : (M, g) → (TM,G)
and a unit vector ﬁeld U : (M, g) → (T1M, G˜) are harmonic vector ﬁelds and the conditions under of which they deﬁne
harmonic maps. We notice that G is a Riemannian g-natural metric on TM and G˜ is its restriction to the unit tangent sphere
bundle T1M . We mention that the restrictions G˜ of such metrics to T1M possess a simpler form and globally depend on four
real parameters a,b, c,d satisfying certain inequalities. In particular, Riemannian g-natural metrics G˜ on T1M with b = 0 (or,
equivalently, the horizontal and tangential distributions are G˜-orthogonal) are called of Kaluza–Klein type [9]. Furthermore,
Abbassi et al. [4] studied the harmonicity properties of the Reeb vector ﬁeld ξ : (M, g) → (T1M, G˜) of a contact metric
manifold [M, (η, ξ,φ, g)], obtaining also a characterization of Sasakian manifolds in terms of the harmonicity of ξ .
In [2], the authors constructed a three-parameter family of contact metric structures (η˜, ξ˜ , φ˜, G˜) on T1M over a Rieman-
nian manifold (M, g), which is called g-natural contact metric structure. Moreover, this family of contact metric structures on
T1M includes the standard contact metric structure (η, ξ,φ, g¯), where ξ is the geodesic ﬂow vector ﬁeld and the metric g¯
is homothetic to the Sasaki metric gS ([7, Ch. 9]). We mention that the Riemannian metrics G˜ of these contact structures
are g-natural, and the Reeb vector ﬁeld ξ˜ is collinear to the geodesic ﬂow vector ﬁeld. G. Calvaruso and D. Perrone [9]
proved that if (M, g) is an Einstein manifold and G˜ is a Riemannian g-natural metric on T1M of Kaluza–Klein type, then
[T1M, (η˜, ξ˜ , φ˜, G˜)] is H-contact if and only if (M, g) is 2-stein. As a consequence, the main Theorem of [11] is invariant
under a two-parameter deformation of the standard contact metric structure on T1M . In the same paper, the authors posed
the following question:
Question 1.1. Let (M, g) be an n-dimensional Riemannian manifold. If the unit tangent sphere bundle T1M equipped with
a g-natural contact metric structure (η˜, ξ˜ , φ˜, G˜) is H-contact, then is the base Riemannian manifold (M, g) an Einstein
manifold?
The ﬁrst part of this paper is referred to the study of 3-dimensional contact metric manifolds [M, (η, ξ,φ, g)] for which
the Reeb vector ﬁeld ξ : (M, g) → (T1M, G˜) is a harmonic map, where G˜ is an arbitrary Riemannian g-natural metric on
T1M . The second part is referred to the study of Question 1.1, considering the unit tangent sphere bundle T1M with an
arbitrary g-natural contact metric structure (η˜, ξ˜ , φ˜, G˜) not of Kaluza–Klein type (see Section 2).
The paper is organized in the following way. Section 2 contains some basic notions about contact metric manifolds and
Riemannian g-natural metrics on T1M .
In Section 3, we improve Theorem 9 of [4] omitting the assumption that the Ricci curvature (ξ, ξ) is constant along the
characteristic ﬂow ξ . More precisely, we prove the following theorem:
Theorem 1.1. Let [M, (η, ξ,φ, g)] be a 3-dimensional non-Sasakian contact metric manifold. If M is a (κ,μ,ν)-contact metric man-
ifold with ν = const., then there exists a family F of Riemannian g-natural metrics on T1M depending on three real parameters, such
that ξ : (M, g) → (T1M, G˜) is a harmonic map for any G˜ ∈ F . Conversely, if there exists a Riemannian g-natural metric G˜ on T1M
such that ξ : (M, g) → (T1M, G˜) is a harmonic map, then M is a (κ,μ,ν)-contact metric manifold with ν = const.
Next, we give examples of 3-dimensional contact metric manifolds [M, (η, ξ,φ, g)] for which the Reeb vector ﬁelds
ξ : (M, g) → (T1M, G˜) are harmonic maps, where G˜ is a suitable Riemannian g-natural metric on T1M not of Kaluza–Klein
type (see Examples 3.1 and 3.2). Finally, we give an example of a 3-dimensional contact metric manifold [M, (η, ξ,φ, g)] for
which the Reeb vector ﬁeld ξ : (M, g) → (T1M, G˜) is a harmonic unit vector ﬁeld for any Riemannian g-natural metric G˜ on
T1M , which doesn’t deﬁne a harmonic map for any Riemannian g-natural metric G˜ on T1M (see Example 3.3).
In Section 4, we describe brieﬂy the notion of g-natural contact metric structures on T1M and answer to the Question 1.1
for metrics not of Kaluza–Klein type. Especially, we prove the following theorem:
Theorem 1.2. Let (η˜, ξ˜ , φ˜, G˜) be a g-natural contact metric structure on T1M not of Kaluza–Klein type. Then, ξ˜ is a harmonic vector
ﬁeld if and only if (M, g) is 2-stein.
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2.1. Contact metric manifolds
We start with some fundamental notions about contact Riemannian geometry. We refer to [7] for further details. All
manifolds in the present paper are assumed to be connected and of class C∞ .
A differentiable (2n + 1)-dimensional manifold if is called a contact manifold if it admits a global 1-form η such that
η ∧ (dη)n = 0 everywhere on M . It is known that a contact manifold admits an almost contact metric structure (η, ξ,φ, g),
i.e. a global vector ﬁeld ξ , which is called the characteristic vector ﬁeld or the Reeb vector ﬁeld, a tensor ﬁeld φ of type (1, 1)
and a Riemannian metric g (associated metric) such that
η(ξ) = 1, φ2 = −Id + η ⊗ ξ, g(φX, φY ) = g(X, Y ) − η(X)η(Y ) (2.1)
for all vector ﬁelds X, Y on M . Moreover, the quadruple (η, ξ,φ, g) can be chosen so that dη(X, Y ) = g(X, φY ). The manifold
M together with the structure tensors (η, ξ,φ, g) is called a contact metric manifold and is denoted by [M, (η, ξ,φ, g)]. We
denote by ∇ the Levi-Civita connection, and by R the corresponding Riemann curvature tensor ﬁeld given by
R(X, Y ) = [∇X ,∇Y ] − ∇[X,Y ]
for all vector ﬁelds X, Y on M . Moreover, we denote by  the Ricci tensor ﬁeld of type (0,2) and by Q the Ricci operator,
i.e. the corresponding endomorphism ﬁeld.
Given a contact Riemannian manifold M , we deﬁne an operator h by h = 12 (Lξ φ), where L denotes Lie differentiation.
The operator h is self-adjoint and satisﬁes
hξ = 0, hφ = −φh. (2.2)
A contact metric manifold for which ξ is a Killing vector ﬁeld is called a K-contact manifold. It is well known that a
contact metric manifold is K -contact if and only if h = 0.
A contact structure on M gives rise to an almost complex structure on the product M × R. If this structure is integrable,
then the contact metric manifold is said to be Sasakian.
Every Sasakian manifold is K -contact, but the converse is true only in the 3-dimensional case.
We remind now the notion of (κ,μ,ν)-contact metric manifolds.
Deﬁnition 2.1. A (2n + 1)-dimensional contact metric manifold [M, (η, ξ,φ, g)] is called a (κ,μ,ν)-contact metric manifold
if the curvature tensor satisﬁes the condition
R(X, Y )ξ = κ(η(Y )X − η(X)Y )+ μ(η(Y )hX − η(X)hY )+ ν(η(Y )φhX − η(X)φhY )
for every vector ﬁelds X, Y tangent to M and κ,μ,ν are smooth functions on M . For κ = 1 and μ,ν arbitrary smooth
functions, (1,μ,ν)-contact metric manifolds are the Sasakian manifolds. If κ,μ are constants and ν the zero-function, the
manifold M is called (κ,μ)-contact metric manifold [8]. If κ,μ are non-constant smooth functions and ν is the zero function,
the manifold M is called generalized (κ,μ)-contact metric manifold [16].
On every 3-dimensional (κ,μ,ν)-contact metric manifold [M, (η, ξ,φ, g)] the following relations are valid [15].
h2 = (κ − 1)φ2, κ  1, (2.3)
ξ(κ) = 2ν(κ − 1), (2.4)
Q ξ = 2κξ. (2.5)
A contact metric manifold [M, (η, ξ,φ, g)] is said to be H-contact if its Reeb vector ﬁeld ξ is harmonic, regarding as the
mapping ξ : (M, g) → (T1M, gS).
The deﬁnition was given by Perrone in [18], where he also proved that a contact metric manifold is H-contact if and only
if ξ is an eigenvector of the Ricci operator. Due to this characterization, the class of H-contact metric manifolds includes
K -contact, Sasakian, (κ,μ)-contact metric manifolds and generalized (κ,μ)-contact metric manifolds. Furthermore, relation
(2.5) implies that every 3-dimensional (κ,μ,ν)-contact metric manifold is H-contact (for the converse see Theorem 1.1 of
[15]).
2.2. Riemannian g-natural metrics on the unit tangent sphere bundle
In this section, we recall some basic properties of Riemannian g-natural metrics on the unit tangent sphere bundle.
The tangent bundle of a Riemannian manifold (M, g) is denoted by TM and consists of pairs (x,u) where x is a point in
M and u a tangent vector to M at x. The mapping π : TM → M : (x,u) → x is the natural projection from TM onto M . The
M. Markellos / Differential Geometry and its Applications 30 (2012) 274–284 277tangent space T(x,u)TM at a point (x,u) in TM splits into the direct sum of the vertical subspace V(x,u) = Ker(dπ |(x,u)) and
the horizontal subspace H(x,u) with respect to the Levi-Civita connection ∇ of M:
T(x,u)TM =H(x,u) ⊕ V(x,u).
For any vector X ∈ TxM , there exists a unique vector Xh ∈H(x,u) (the horizontal lift of X to (x,u) ∈ TM), such that dπ(Xh) =
X . The vertical lift of a vector X ∈ TxM to (x,u) ∈ TM is a vector Xv ∈ V(x,u) , such that Xv(df ) = X( f ), for all functions f on
M . Here we consider the 1-form df on M as a function on TM (i.e. df (x,u) = u( f )). Horizontal and vertical lifts of vector
ﬁelds on M can be deﬁned in an obvious way and these are uniquely deﬁned vector ﬁelds on TM .
Riemannian g-natural metrics form a wide family of Riemannian metrics on TM . These metrics depend on several smooth
functions from R+ = [0,+∞) to R and, as their name suggests, they arise from a very “natural” construction starting
from a Riemannian metric g over M . The introduction of g-natural metrics arise from the description of all ﬁrst order
natural operators D : S2+T ∗ → (S2T ∗)T , which transform Riemannian metrics on manifolds into metrics on their tangent
bundles, where S2+T ∗ and S2T ∗ denote the bundle functors of all Riemannian metrics and all symmetric (0,2)-tensors over
n-manifolds, respectively [14]. Riemannian g-natural metrics have been completely described in [1].
Next, we consider the tangent sphere bundle TrM of radius r > 0 which is an embedded hypersurface of TM deﬁned by
the equation gx(u,u) = r2. If r = 1, T1M is called unit tangent sphere bundle.
By deﬁnition, g-natural metrics on T1M are the restrictions of g-natural metrics of TM to its hypersurface T1M . More
precisely, every Riemannian g-natural metric G˜ on T1M is necessarily induced by a Riemannian g-natural metric G on TM
satisfying the following relations: [9]
G(x,u)
(
Xh, Yh
)= (a + c)gx(X, Y ) + βgx(X,u)gx(Y ,u),
G(x,u)
(
Xh, Y v
)= G(x,u)(Xv , Yh)= bgx(X, Y ),
G(x,u)
(
Xv , Y v
)= αgx(X, Y ),
where a,b, c are real constants and β : [0,+∞) → R is a smooth function. Such a metric G˜ on T1M only depends on the
value d := β(1) of β at 1. In particular, G˜ is a Riemannian metric if and only if the following inequalities hold:
a > 0, α := a(a + c) − b2 > 0 and ϕ := a(a + c + d) − b2 > 0. (2.6)
Finally, the Riemannian metric G˜ on T1M , induced from G , is completely determined by the formulae [9]
G˜(x,u)
(
Xh, Yh
)= (a + c)gx(X, Y ) + dgx(X,u)gx(Y ,u),
G˜(x,u)
(
Xh, Y tG
)= bgx(X, Y ),
G˜(x,u)
(
XtG , Y tG
)= agx(X, Y ) − ϕ
a + c + d gx(X,u)gx(Y ,u), (2.7)
for all (x,u) ∈ T1M and X, Y ∈ TxM , where
XtG = Xv − G(x,u)
(
Xv ,NG(x,u)
)
NG(x,u) = Xv −
√
ϕ
a + c + d gx(X,u)N
G
(x,u)
is the tangential projection of the vertical lift of X to (x,u) with respect to the unit normal vector ﬁeld NG at any point of
T1M given by
NG(x,u) =
1√
(a + c + d)ϕ
[−buh + (a + c + d)uv].
We remind the following deﬁnition [9]:
Deﬁnition 2.2. A Riemannian g-natural metric G˜ on T1M is said of Kaluza–Klein type if the horizontal and tangential distri-
butions are G˜-orthogonal, that is, if b = 0 in (2.7).
We notice that the Sasaki metric gS on T1M is Riemannian g-natural metric of Kaluza–Klein type satisfying (2.7) where
a = 1 and b = c = d = 0.
Furthermore, M.T.K. Abbassi and G. Calvaruso calculated the curvature tensor R˜ of an arbitrary Riemannian g-natural
metric G˜ on the unit tangent sphere bundle T1M of a Riemannian manifold (M, g) [3, Proposition 3].
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In this section, we investigate the harmonicity of the Reeb vector ﬁeld ξ of a 3-dimensional contact metric manifold
[M, (η, ξ,φ, g)], considering that ξ is the mapping ξ : (M, g) → (T1M, G˜), where the unit tangent sphere bundle T1M is
equipped with an arbitrary Riemannian g-natural metric G˜ .
Recently, Abbassi et al. [4] calculated the tension ﬁeld of the map ξ : (M, g) → (T1M, G˜) and they proved:
Theorem 3.1. Let [M, (η, ξ,φ, g)] be a contact metric manifold and G˜ an arbitrary Riemannian g-natural metric on T1M. Then,
ξ : (M, g) → (T1M, G˜) is a harmonic map if and only if
(1) aS(ξ) = −2b(trh2)ξ , and
(2) Q (ξ) collinear to ξ ,
where S(ξ) = tr R(∇·ξ, ξ)·.
We now prove the following theorem:
Theorem 3.2. Let [M, (η, ξ,φ, g)] be a 3-dimensional non-Sasakian contact metric manifold non-Sasakian everywhere. If M is a
(κ,μ,ν)-contact metric manifold with ν = const., then there exists a family F of Riemannian g-natural metrics on T1M depending
on three real parameters, such that ξ : (M, g) → (T1M, G˜) is a harmonic map for any G˜ ∈F . Conversely, if there exists a Riemannian
g-natural metric G˜ on T1M such that ξ : (M, g) → (T1M, G˜) is a harmonic map, then M is a (κ,μ,ν)-contact metric manifold with
ν = const.
Proof. Let [M, (η, ξ,φ, g)] be a 3-dimensional non-Sasakian (κ,μ,ν)-contact metric manifold with ν = c1 = const. By using
relation (2.5), we deduce that Q (ξ) is collinear to ξ . Since M is non-Sasakian, we have that κ(p) < 1 for any p ∈ M . Then,
according to Lemma 4.4 of [15], for every p ∈ M there exists an open neighborhood W of p and orthonormal local vector
ﬁelds {e, φe, ξ} deﬁned on W , such that
he = λe, hφe = −λφe, hξ = 0, (3.1)
where λ = √1− κ (see also relations (2.2) and (2.3)). By using relations (2.4) and (3.1), we easily get that
trh2 = 2λ2, ξ(λ) = λc1, (3.2)
on W . Consider the family F of all Riemannian g-natural metrics G˜ on T1M with b = − ac12 and a, c,d three real parameters
which satisfy the inequalities (2.6). By using relations (3.2), we have (see also [17] for the expression of S(ξ))
S(ξ) = 2λξ(λ)ξ = 2λ2c1ξ = −2b
a
(
trh2
)
ξ,
where we have used that Q (ξ) is collinear to ξ . Applying Theorem 3.1, we easily obtain that ξ : (M, g) → (T1M, G˜) is a
harmonic map for any G˜ ∈F . Conversely, we assume that there exists a Riemannian g-natural metric G˜ on T1M such that
ξ : (M, g) → (T1M, G˜) is a harmonic map. Since Q (ξ) is collinear to ξ , we deduce that [M, (η, ξ,φ, g)] is an H-contact
metric manifold [18]. By using Theorem 1.1 of [15], we get that [M, (η, ξ,φ, g)] is a (κ,μ,ν)-contact metric manifold with
κ < 1 everywhere on M , since M is non-Sasakian. By using relations (2.4) and (3.1), we have
trh2 = 2λ2, ξ(λ) = λν, (3.3)
on W , where λ = √1− κ . Substituting relations (3.3) in the second condition of Theorem 3.1, we get
S(ξ) = 2λξ(λ)ξ = 2λ2νξ = −2b
a
(
trh2
)
ξ = −4b
a
λ2ξ,
or, equivalently, ν = −2 ba i.e., the function ν is a constant on W . Hence, the function ν is locally constant on M . Since, M
is connected, the function ν must be a constant on M . 
Corollary 3.3. Let [M, (η, ξ,φ, g)] be a 3-dimensional non-Sasakian contact metric manifold. Then, [M, (η, ξ,φ, g)] is a generalized
(κ,μ)-contact metric manifold if and only if there exists a Riemannian g-natural metric G˜ of Kaluza–Klein type on T1M such that
ξ : (M, g) → (T1M, G˜) is a harmonic map.
Remark 3.1. Theorem 3.2 gives a geometric interpretation of (κ,μ,ν)-contact metric manifolds with ν = const. in terms of
the harmonicity of the Reeb vector ﬁeld with respect to Riemannian g-natural metrics. When ν = 0, this characterization
extends the interpretation of generalized (κ,μ)-contact metric manifolds in terms of the harmonicity of the Reeb vector
ﬁeld with respect to the Sasaki metric gS given by Perrone [17].
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hypothesis that the Ricci curvature (ξ, ξ) is constant along the characteristic ﬂow (which is equivalent to ξ(λ) = 0). We
mention that a non-Sasakian contact metric manifold is a generalized (κ,μ)-contact metric manifold if and only if the
manifold is H-contact and ξ(λ) = 0 [17].
In the following, we give some examples of 3-dimensional non-Sasakian contact metric manifolds for which the cor-
responding Reeb vector ﬁelds are harmonic maps with respect to speciﬁc Riemannian g-natural metrics on T1M not of
Kaluza–Klein type.
Example 3.1. Let M =R3 with the Cartesian coordinates (x, y, z). We deﬁne the following vector ﬁelds on R3:
e1 = ∂
∂x
, e2 = ∂
∂ y
,
and
e3 =
(
2y + h(z)) ∂
∂x
+
[
2ec¯x f (z)
c¯
− c¯ y
2
2
− c¯ yh(z)
2
− f
′(z)y
2 f (z)
+ g(z)
]
∂
∂ y
+ ∂
∂z
,
where c¯ is a non-zero real constant and f , g,h arbitrary smooth functions of the variable z with f (z) = 0 for every z ∈ R.
The vector ﬁelds e1, e2, e3 are linearly independent at each point of M . We deﬁne a Riemannian metric g on M such that
g(ei, e j) = δi j, i, j = 1,2,3. We easily get that
[e1, e2] = 0, [e1, e3] = 2ec¯x f (z)e2, (3.4)
[e2, e3] = 2e1 +
(
−c¯ y − c¯h(z)
2
− f
′(z)
2 f (z)
)
e2. (3.5)
Let η be the 1-form deﬁned by η(W ) = g(W , e1) for every W ∈X (M). Then η is a contact form since η∧dη = 0 everywhere
on M . Let φ be the tensor ﬁeld of type (1,1), deﬁned by φe1 = 0, φe2 = e3, φe3 = −e2. Using the linearity of φ, and g , we
easily obtain that relations (2.1) are satisﬁed. Moreover, by using the linearity of dη, we have that dη(Z ,W ) = g(φZ ,W )
for every vector ﬁelds Z ,W on M . Hence [M, (η, e1, φ, g)] is a contact metric manifold. Let ∇ be the Levi-Civita connection
corresponding to g and R the Riemann curvature tensor of g .
By using the Koszul’s formula
2g(∇Y Z ,W ) = Y g(Z ,W ) + Zg(W , Y ) − Wg(Y , Z) − g
(
Y , [Z ,W ])− g(Z , [Y ,W ])+ g(W , [Y , Z ]),
and relations (3.4) and (3.5), we ﬁnd
∇e1e1 = 0, ∇e2e1 = −
(
1+ ec¯x f (z))e3, ∇e3e1 = (1− ec¯x f (z))e2,
∇e1e2 = −
(
1+ ec¯x f (z))e3, ∇e2e2 =
(
c¯ y + c¯h(z)
2
+ f
′(z)
2 f (z)
)
e3, ∇e3e2 =
(
ec¯x f (z) − 1)e1,
∇e1e3 =
(
1+ ec¯x f (z))e2, ∇e2e3 = (1+ ec¯x f (z))e1 +
[
−c¯ y − c¯h(z)
2
− f
′(z)
2 f (z)
]
e2, ∇e3e3 = 0. (3.6)
From the deﬁnition of the tensor ﬁeld h and relations (3.4) and (3.5), we obtain that he1 = 0 and
he2 = 1
2
(Le1φ)e2 =
1
2
{[e1, φe2] − φ[e1, e2]}
= ec¯x f (z)e2. (3.7)
Similarly, we easily obtain that
he3 = −ec¯x f (z)e3. (3.8)
Setting now, κ = 1− e2c¯x f 2(z),μ = 2(1+ ec¯x f (z)), ν = c¯ and combining relations (3.4), (3.5), (3.6), (3.7) and (3.8), we easily
deduce that
R(e2, e1)e1 =
(
1+ ec¯x f (z))2e2 + c¯ec¯x f (z)e3
= κ(η(e1)e2 − η(e2)e1)+ μ(η(e1)he2 − η(e2)he1)+ ν(η(e1)φhe2 − η(e2)φhe1),
R(e3, e1)e1 = c¯ec¯x f (z)e2 +
(
1− 2ec¯x f (z) − 3e2c¯x f 2(z))e3
= κ(η(e1)e3 − η(e3)e1)+ μ(η(e1)he3 − η(e3)he1)+ ν(η(e1)φhe3 − η(e3)φhe1),
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R(e2, e3)e1 = 0 = κ
(
η(e3)e2 − η(e2)e3
)+ μ(η(e3)he2 − η(e2)he3)+ ν(η(e3)φhe2 − η(e2)φhe3).
Setting ξ = e1, we easily obtain
R(Z ,W )ξ = κ[η(W )Z − η(Z)W ]+ μ[η(W )hZ − η(Z)hW ]+ ν[η(W )φhZ − η(Z)φhW ],
for all vector ﬁelds Z ,W on R3, since {e1, e2, e3} is a basis of R3. Hence, R3 is a (κ,μ,ν)-contact metric manifold. Since κ <
1 everywhere on M , we easily deduce that [M, (η, e1, φ, g)] is a non-Sasakian (κ,μ,ν)-contact metric manifold. Consider
the family F of all Riemannian g-natural metrics G˜ on T1M with b = − ac¯2 and a, c,d three real parameters which satisfy the
inequalities (2.6). Applying Theorem 3.2, we deduce that ξ = e1 : (M, g) → (T1M, G˜) is a harmonic map, for every G˜ ∈ F .
Furthermore, since a > 0 and c¯ = 0, we observe that every Riemannian g-natural metric G˜ ∈F is not of Kaluza–Klein type.
Example 3.2. Let M =R3 with the Cartesian coordinates (x, y, z). We deﬁne the following vector ﬁelds on R3:
e1 = ∂
∂x
, e2 = ∂
∂ y
,
and
e3 =
(−2y + h(z)) ∂
∂x
+
[
2ec¯x f (z)
c¯
+ c¯ y
2
2
− c¯ yh(z)
2
− f
′(z)y
2 f (z)
+ g(z)
]
∂
∂ y
+ ∂
∂z
,
where c¯ is a non-zero real constant and f , g,h arbitrary smooth functions of the variable z with f (z) = 0 for every z ∈ R.
Let η be the 1-form dual to e1. We deﬁne the structure tensors ξ,φ by ξ = e1 and φe1 = 0, φe2 = −e3, φe3 = e2. Let g be
the Riemannian metric deﬁned by g(ei, e j) = δi j, i, j = 1,2,3. Following the same procedure as in the previous example, we
ﬁnally deduce that [M, (η, ξ,φ, g)] is, also, a non-Sasakian (κ,μ,ν)-contact metric manifold with κ = 1 − e2c¯x f 2(z),μ =
2(1 − ec¯x f (z)), ν = c¯. Consider the family F of all Riemannian g-natural metrics G˜ on T1M with b = − ac¯2 and a, c,d three
real parameters which satisfy the inequalities (2.6). Applying Theorem 3.2, we deduce that ξ = e1 : (M, g) → (T1M, G˜) is a
harmonic map, for every G˜ ∈ F . Furthermore, since a > 0 and c¯ = 0, we observe that every Riemannian g-natural metric
G˜ ∈F is not of Kaluza–Klein type.
Remark 3.3. In [19], D. Perrone proved that the Reeb vector ﬁeld of a K -contact manifold [M, (η, ξ,φ, g)] deﬁnes a harmonic
map ξ : (M, g) → (T1M, G˜) for any Riemannian g-natural metric G˜ on T1M . Furthermore, M.T.K. Abbassi et al. [4] proved
that the Reeb vector ﬁeld of a non-Sasakian (κ,μ)-contact metric manifold [M, (η, ξ,φ, g)] deﬁnes a harmonic map ξ :
(M, g) → (T1M, G˜) if and only if the Riemannian g-natural metric G˜ on T1M is of Kaluza–Klein type (b = 0). According
to our knowledge, Examples 3.1 and 3.2 are the ﬁrst examples of contact metric manifolds (which are non-K contact)
[M, (η, ξ,φ, g)] such that the Reeb vector ﬁelds deﬁne harmonic maps ξ : (M, g) → (T1M, G˜) for some speciﬁc Riemannian
g-natural metrics G˜ on T1M not of Kaluza–Klein type.
Remark 3.4. We mention that (κ,μ,ν)-contact metric manifolds remain invariant under a D-homothetic deformation:
ηt = tη, ξt = ( 1t )ξ,φt = φ, gt = tg + t(t − 1)η ⊗ η, t > 0 (see Proposition 3.2 of [15]). Hence, for each positive number t > 0,
applying a D-homothetic transformation on Example 3.2 (resp. Example 3.3), we obtain a (κ¯, μ¯, ν¯)-contact metric manifold
with κ¯ = t2−e2c¯x f 2(z)
t2
, μ¯ = 2(t+ec¯x f (z))t , ν¯ = c¯t (resp. κ¯ = t
2−e2c¯x f 2(z)
t2
, μ¯ = 2(t−ec¯x f (z))t , ν¯ = c¯t ). Consider the family Ft of all
Riemannian g-natural metrics G˜ on T1M with b = −a c¯2t and a, c,d three real parameters which satisfy the inequalities (2.6).
Following Theorem 3.2, we deduce that ξt : (M, g) → (T1M, G˜) is a harmonic map, for every G˜ ∈Ft .
Finally, we give an example of 3-dimensional contact metric manifold [M, (η, ξ,φ, g)] for which the Reeb vector ﬁeld ξ
doesn’t deﬁne a harmonic map for any Riemannian g-natural metric G˜ on T1M .
Example 3.3. Consider the 3-dimensional manifold M = {(x, y, z) ∈ R3|x > 0, y > 0, z > 0}, where (x, y, z) are the Cartesian
coordinates in R3. We deﬁne the following vector ﬁelds on M:
e1 = ∂
∂x
, e2 = ∂
∂ y
, e3 = −4
z
eGG y
∂
∂x
+ β ∂
∂ y
+ e G2 ∂
∂z
where G = G(y, z) < 0 for every (y, z), is a solution of the partial differential equation
2Gyy + G2y = −ze−G ,
and the function β = β(x, y, z) is a solution of the following system of partial differential equations
M. Markellos / Differential Geometry and its Applications 30 (2012) 274–284 281βx = 4
zx2
eG
and
βy = 1
2z
e
G
2 − Gze
G
2
2
− 4e
GG y
xz
.
The vector ﬁelds e1, e2, e3 are linearly independent at each point of M . Let g be the Riemannian metric deﬁned by
g(ei, e j) = δi j, i, j = 1,2,3 and η the dual 1-form to the vector ﬁeld e1. We deﬁne the tensor ﬁeld φ of type (1,1) by
φe1 = 0, φe2 = e3, φe3 = −e2. We have that [M, (η, e1, φ, g)] is a (κ,μ,ν)-contact metric manifold with κ = 1 − 4e2Gz2x4 ,μ =
2(1 + 2eG
zx2
) and ν = − 2x [15]. Since the function ν is a non-constant smooth function on M , according to Theorem 3.2 we
easily deduce that the Reeb vector ﬁeld ξ = e1 doesn’t deﬁne a harmonic map for any Riemannian g-natural metric G˜ on
T1M . However, according to Theorem 2 of [4], the Reeb vector ﬁeld ξ = e1 is a harmonic vector ﬁeld for any Riemannian
g-natural metric G˜ on T1M .
4. The harmonicity of the geodesic ﬂow
In [2], Abbassi and Calvaruso investigated the conditions under of which a Riemannian g-natural metric on T1M may
be seen as a Riemannian metric associated with a very natural contact structure. Indeed, let G˜ be an arbitrary Riemannian
g-natural metric over T1M . Let η˜ be the 1-form on T1M deﬁned by
η˜
(
Xh
)= 1
r
g(X,u),
η˜
(
XtG
)= brg(X,u),
for all X ∈ TxM , where the factor r satisﬁes the relation
1
r2
= 4α = a + c + d. (4.1)
When this condition holds, η˜ is homothetic with homothety factor r, to the classical contact form on T1M [7, Chapter 9],
and consequently, η˜ is again a contact form. Further, we put
ξ˜(x,u) = ruh
and
φ˜
(
Xh
)= 1
2rα
[
−bXh + (a + c)XtG + bd
a + c + d g(X,u)u
h
]
,
φ˜
(
XtG
)= 1
2rα
[
−aXh + bXtG + ϕ
a + c + d g(X,u)u
h
]
,
for all X ∈ TxM and (x,u) ∈ T1M . We easily observe that the vector ﬁeld ξ˜ is collinear to the geodesic ﬂow. Furthermore,
relation (4.1) enables us to express d as a function of a,b and c. More precisely, we obtain that d = (4a− 1)(a+ c)− 4b2. In
this way, we construct a family of contact metric structures (η˜, ξ˜ , φ˜, G˜) on T1M , depending on three real parameters a,b, c
(satisfying certain inequalities). We will refer this family of contact metric structures on T1M as g-natural contact metric
structure on T1M [2]. We notice that for a = 14 and b = c = d = 0, we get the standard contact metric structure on T1M [7,
Chapter 9].
We recall the deﬁnition of the 2-stein manifold [11].
Deﬁnition 4.1. An n-dimensional Einstein manifold M = (M, g) is said to be 2-stein if M satisﬁes the following condition
n∑
i, j=1
(Ruiu j)
2 = μ(x)‖u‖4,
for all u ∈ TxM (x ∈ M), where μ is a real valued function on M .
Let (M, g) be an arbitrary Riemannian manifold and consider any g-natural contact metric structure (η˜, ξ˜ , φ˜, G˜) on T1M .
For x ∈ M , let {e1, e2, . . . , en = u} be an orthonormal basis of TxM . By using relations (2.7), we easily get that (see also [5])
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a + c e
h
i , En = ξ˜ , i = 1,2, . . . ,n − 1,
En+i = 1√
(a + c)α
{−behi + (a + c)etGi }, i = 1,2, . . . ,n − 1 (4.2)
is an orthonormal basis of T(x,u)T1M . Additionally, by using the fact that endomorphism Ru is self-adjoint, we deduce that
n−1∑
i=1
g
(
R(ei,u)u, R(u, Y )ei
)= tr(Ru ◦ R(u, Y ))= tr(R(u, Y ) ◦ Ru)= n−1∑
i=1
g
(
R(u, Y )Ruei, ei
)
= −
n−1∑
i=1
g
(
R(ei,u)u, R(u, Y )ei
)
,
and, as a consequence,
n−1∑
i=1
g
(
R(ei,u)u, R(u, Y )ei
)= 0, (4.3)
for all tangent vectors u and Y of TxM , where R(u, Y ) is the endomorphism R(u, Y ) : TxM → TxM, Z → R(u, Y )Z . Further-
more, by using relation (4.3) and the ﬁrst Bianchi identity, we have
n−1∑
i=1
g
(
R(ei, Y )u, R(ei,u)u
)= n−1∑
i=1
g
(
R(ei,u)Y , R(ei,u)u
)
. (4.4)
By using the relations (i), (ii), (iii) in Proposition 3 of [3], (4.2), (4.3), (4.4), the symmetries of the curvature tensor R˜ and
the ﬁrst Bianchi identity (especially, for the relation (4.6)), we get
˜
(
ξ˜ , Yh
)= r˜(uh, Yh)= r
(
n−1∑
i=1
G˜
(
R˜
(
uh, Ei
)
Ei, Y
h)+ n−1∑
i=1
G˜
(
R˜
(
uh, En+i
)
En+i, Yh
))
= r
(
a
α
n−1∑
i=1
G˜
(
R˜
(
uh, ehi
)
ehi , Y
h)+ b
α
n−1∑
i=1
G˜
(
R˜
(
uh, ehi
)
Yh, etGi
)− b
α
n−1∑
i=1
G˜
(
R˜
(
uh, etGi
)
ehi , Y
h)
− a + c
α
n−1∑
i=1
G˜
(
R˜
(
uh, etGi
)
Yh, etGi
))
= r
((
1− b
2
α
)
(u, Y ) + ab
2α
[
(∇u)(u, Y ) − (∇Y)(u,u)
]− a2
2α
n−1∑
i=1
g
(
R(ei,u)u, R(ei,u)Y
))
(4.5)
and
˜
(
ξ˜ , Y tG
)= r˜(uh, Y tG )= r
(
n−1∑
i=1
G˜
(
R˜
(
uh, Ei
)
Ei, Y
tG
)+ n−1∑
i=1
G˜
(
R˜
(
uh, En+i
)
En+i, Y tG
))
= r
(
a
α
n−1∑
i=1
G˜
(
R˜
(
uh, ehi
)
ehi , Y
tG
)+ b
α
n−1∑
i=1
G˜
(
R˜
(
ehi , e
tG
i
)
uh, Y tG
)− 2b
α
n−1∑
i=1
G˜
(
R˜
(
uh, etGi
)
ehi , Y
tG
)
− a + c
α
n−1∑
i=1
G˜
(
R˜
(
etGi , Y
tG
)
etGi ,u
h))= ra
2α
(
a
[
(∇u)(u, Y ) − (∇Y)(u,u)
]− b(u, Y )), (4.6)
for any tangent vector Y orthogonal to u. On the other hand, by the deﬁnition of the contact form η˜ of T1M , we easily
notice that Ker η˜ is spanned by the horizontal and tangential lifts of vectors Y which are orthogonal to u. Hence, ξ˜ is a
harmonic vector ﬁeld if and only if ξ˜ is an eigenvector of the Ricci operator [18] which in combination with the relations
(4.5) and (4.6) gives(
1− b
2
α
)
(u, Y ) + ab
2α
[
(∇u)(u, Y ) − (∇Y)(u,u)
]− a2
2α
n−1∑
i=1
g
(
R(ei,u)u, R(ei,u)Y
)= 0,
and
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a
(u, Y ),
for any tangent vector Y orthogonal to u. Thus, we have proved the following proposition:
Proposition 4.1. Let (η˜, ξ˜ , φ˜, G˜) be a g-natural contactmetric structure on T1M. Then, the contactmetricmanifold [T1M, (η˜, ξ˜ , φ˜, G˜)]
is H-contact if and only if(
1− b
2
α
)
(u, Y ) + ab
2α
[
(∇u)(u, Y ) − (∇Y)(u,u)
]− a2
2α
n−1∑
i=1
g
(
R(ei,u)u, R(ei,u)Y
)= 0, (4.7)
and
(∇u)(u, Y ) − (∇Y)(u,u) = b
a
(u, Y ), (4.8)
for any orthogonal tangent vectors u and Y .
We should mention that, if b = 0, relations (4.7) and (4.8) coincide with the corresponding given by Calvaruso and
Perrone in [9]. More precisely, in this case, the authors proved that ξ˜ is a harmonic vector ﬁeld if and only if the Ricci
tensor  of (M, g) is a Codazzi tensor and, hence, the following relation is satisﬁed:
(u, Y ) = a
2(a + c)
n−1∑
i=1
g
(
R(u, ei)u, R(u, ei)Y
)
.
In the following, we prove the following theorem:
Theorem 4.2. Let (η˜, ξ˜ , φ˜, G˜) be a g-natural contact metric structure on T1M not of Kaluza–Klein type. Then, the contact metric
manifold [T1M, (η˜, ξ˜ , φ˜, G˜)] is H-contact if and only if (M, g) is 2-stein.
Proof. Let (η˜, ξ˜ , φ˜, G˜) be a g-natural contact metric structure on T1M not of Kaluza–Klein type. We suppose that the contact
metric manifold [T1M, (η˜, ξ˜ , φ˜, G˜)] is H-contact. We consider an arbitrary point x ∈ M and {ei}ni=1 an orthonormal basis of
TxM . We set
u = cos θea + sin θeb,
Y = − sin θea + cos θeb, (4.9)
for all a = b. Substituting (4.9) into the right-hand side of (4.8), we get
b
a
(cos θea + sin θeb,− sin θea + cos θeb) = ba cos(2θ)(ea, eb) +
b
2a
sin(2θ)
[
(eb, eb) − (ea, ea)
]
. (4.10)
Similarly, substituting (4.9) into the left side of (4.8), we get
(∇u)(u, Y ) − (∇Y)(u,u) =
[
cos3 θ + sin2 θ cos θ](∇ea)(ea, eb) + [− sin θ cos2 θ − sin3 θ](∇eb)(ea, eb)
+[sin θ cos2 θ + sin3 θ](∇ea)(eb, eb) + [− sin2 θ cos θ − cos3 θ](∇eb)(ea, ea)
= cos θ[(∇ea)(ea, eb) − (∇eb)(ea, ea)]+ sin θ[(∇ea)(eb, eb) − (∇eb)(ea, eb)]
= b
a
(ea, eb)(cos θ − sin θ), (4.11)
where we have used relation (4.8) with u = ea, Y = eb (resp. u = eb, Y = ea). Comparing relations (4.10) and (4.11), we have(
cos θ − sin θ − cos(2θ))(ea, eb) = sin(2θ)2
(
(eb, eb) − (ea, ea)
)
,
for any θ ∈ R, where we have used that b = 0. Setting, simultaneously, θ = π4 and θ = π in the last relation, we get
(ea, ea) = (eb, eb) and (ea, eb) = 0 i.e. (M, g) is Einstein. In this case, relation (4.7) gives
n−1∑
i=1
g
(
R(ei,u)u, R(ei,u)Y
)= 0,
for any tangent vector Y orthogonal to u, which is equivalent that (M, g) is 2-stein (see the main theorem of [11] and
Theorem 5.2 of [9]). Conversely, we suppose that (M, g) is 2-stein. Then, relations (4.7) and (4.8) are satisﬁed and, therefore,
ξ˜ is a harmonic vector ﬁeld for any g-natural contact metric structure on T1M . 
Combining Theorem 4.2 and Theorem 5.2 of [9], we obtain
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metric manifold [T1M, (η˜, ξ˜ , φ˜, G˜)] is H-contact if and only if (M, g) is 2-stein.
Remark 4.1. In [11], the authors posed the following question: “If the unit tangent sphere bundle T1M equipped with the
standard contact metric structure is H-contact, then the base manifold (M, g) is Einstein”? However, the same question
makes sense when the standard contact metric structure of T1M replaced by an arbitrary g-natural contact metric struc-
ture [9]. To this direction, Theorem 4.2 gives a positive answer in the case for which T1M is endowed with a g-natural
contact metric structure not of Kaluza–Klein type.
Remark 4.2. In [11], the authors proved that if (M, g) is Einstein then T1M equipped with the standard contact metric
structure is H-contact if and only if (M, g) is 2-stein. More generally, Calvaruso and Perrone proved that this result is
invariant under a two-parameter deformation (of Kaluza–Klein type) of the standard contact metric structure on T1M .
Corollary 4.3 shows that the main result of [11] remains also invariant under a three-parameter deformation (not of Kaluza–
Klein type) of the standard contact metric structure on T1M .
Remark 4.3. According to Theorem 1.1 of [10] and Corollary 4.3, the unit tangent sphere bundle over a simply connected
irreducible symmetric space (M, g), equipped with a g-natural contact metric structure, is H-contact. More precisely, all
2-stein symmetric spaces are listed in Tables I, II and III of [10]. Moreover, the authors in [11], gave an example of a 4-
dimensional strictly almost Kaehler–Einstein manifold M = (M, g, J ) which is neither a real space form nor a complex space
form and not even a locally symmetric space. In particular, this manifold is Ricci ﬂat and satisﬁes tr R2u = 32x61 , x1 > 0, i.e.
(M, g, J ) is 2-stein. By using Corollary 4.3, we get that the unit tangent sphere bundle over M = (M, g, J ), equipped with a
g-natural contact metric structure, is H-contact.
Remark 4.4. In Theorem 4.2 and Corollary 4.3, it is considered that the Reeb vector ﬁeld ξ˜ is the mapping (T1M, G˜) →
(T1T1M, G˜ S ). In [4], the authors proved that a unit vector ﬁeld V is harmonic when T1M is equipped with any G˜ if and
only if it is harmonic when T1M is equipped with the Sasaki metric gS . As a consequence, Theorem 4.2 and Corollary 4.3
are valid if the Reeb vector ﬁeld ξ˜ is considered to be the mapping (T1M, G˜) → (T1T1M, ˜˜G).
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